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OCHERKI ISTORII TEORII FUNKTSII OEISTVITEL’NOGO PEREMENNOGO. 
(Essays on the history of the theory of functions of a 
real variable). By F. A. Medvedev. Moscow (Izdatel’stvo 
Nauka) . 1975. 248 pp. 
Reviewed by F. Smithies, 
St. John's College, Cambridge, England 
This extremely interesting book does not attempt to give 
anything like a full history of the theory of functions of a 
real variable; such a history would demand a very much longer 
treatise. What the author does is to follow a number of 
threads, distinct but intertwining; ‘each thread traces the 
development of a particular aspect of the theory. The main 
topics dealt with are the history of the concept of function, 
the introduction of various types of convergence for sequences 
of functions, the continually changing relationship between 
differentiation and integration, and the growth of knowledge 
about continuous nondifferentiable functions. 
A short preliminary chapter tries to situate the theory of 
functions of a real variable among other mathematical disci- 
plines. It is distinguished from classical analysis by its 
higher level of abstraction, by the presence of set-theoretical 
ideas, and by the expression of its results in the form of 
general theorems rather than formulas; and from functional a- 
nalysis by its lower degree of generality and by the fact that 
its usual setting is in Euclidean space, so that geometrical 
intuition can be more helpful than in general abstract spaces. 
The author arrives at these conclusions mainly by examining the 
contents of a number of textbooks on real-variable theory. He 
goes on to characterize the subject as being concerned with 
the classification and properties of functions from the point 
of view of limit operations, the main tools used being inte- 
gration, differentiation, and the representation of functions 
by infinite series. He admits that his lines of demarcation 
are not clearly drawn, and that there is considerable overlap 
at both ends, especially with functional analysis. 
He suggests that the beginning of real-variable theory in 
the strict sense can be dated from the publication in 1867 of 
Riemann’s paper on trigonometric series, and he distinguishes 
three periods of development: from 1867 to the appearance of 
the fundamental papers of Borel, Baire, and Lebesgue between 
1895 and 1902; a period of experimentation with new methods 
from then until the publication of Banach’s book on linear 
operations in 1932, during which the theory established itself 
as an independent discipline, based on point-set theory in 
finite-dimensional Euclidean spaces; and from 1932 till the 
present day, a period marked by the growing influence of the 
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concepts of functional analysis. The chapter concludes with 
some brief indications of the influence of real-variable theory 
on other areas, including set theory, probability, algebra 
(through Boolean algebra), and the foundations of mathematics. 
This introductory essay helps to set the scene for the remainder 
of the book, but the demarcation lines drawn in it do not seem 
to be particularly useful; in fact, the author takes practically 
no notice of them in his later discussions. 
The second chapter is devoted to an outline history of the 
concept of function. After a preliminary consideration of some 
textbook definitions, the author examines some precursors, in 
ancient and mediaeval times, of the idea of functional dependence; 
these include the verbal description of relationships, the use 
of tables and graphs, and the establishment of kinematic laws. 
He discusses the development of notions about scientific laws 
in the 17th century and their role in bringing the concept of 
functional dependence into prominence. He traces the gradual 
extension of the notion of function through the use of power 
series expansions and other analytic expressions to the appear- 
ance of "arbitrary" functions in the solutions of partial diffe- 
rential equations; he suggests that the separation of continuous 
functions (in Cauchy's sense) from functions defined by analytic 
expressions was primarily the work of Lobachevskii and Dirichlet. 
Topics discussed in the remainder of the chapter include: the 
gradual introduction of new classes of functions (e.g., Riemann 
integrable functions, functions of bounded variation) in the 
course of the 19th century; the introduction of general mappings 
by Dedekind and Cantor; the influence of new developments in 
logic; set functions and other new types of functional correspond- 
ence. 
Some of the issues raised in this chapter deserve special 
comment. Yushkevich (~stor.+at. Issled. 17, 123-150 (1966); 
Arch. Hid. Exact Sci. 16, 37-85 (1976)) has described Newton's 
concept of function as being primarily a kinematic one. Medvedev, 
on the other hand, maintains that Newton's kinematical language 
was merely an outer dress and that, in practice, Newton preferred 
to work with analytic expressions, explicit or implicit, some 
of them being so complicated that all possibility of contact 
with geometrical intuition has disappeared. 
Medvedev lays considerable stress on the fact that Lacroix's 
definition of a function (1797) is verbally almost identical 
with Dirichlet's but he admits in a later section that one must 
always be careful to distinguish between the general definitions 
given by mathematicians and the concepts with which they actu- 
ally work. It is also important to be aware of the repertory 
of specimens that are available to mathematicians at a given 
time; and some doubt must persist whether Lacroix would have 
accepted Fourier's discontinuous boundary values as being genu- 
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ine functions. The real importance of definitions like Lacroix’s 
was that later mathematicians could use them to justify the ex- 
tensions of the notion of function that they were making. It 
is interesting to note that it was the most physically minded 
among the mathematicians, such as Daniel Bernoulli and Fourier, 
who were the most willing to suppose that an “arbitrary” curve 
could have an analytic representation. Euler sat on the fence; 
we should perhaps regard Euler as being as applied mathematician 
rather than a mathematical physicist. 
There are some curious remarks in the section on developments 
in the later 19th century, where the author suggests that prov- 
ing the existence of a primitive function (or antiderivative) 
by using the definition of the integral as a limit of approxi- 
mating sums involves a logical circle; he even says that one 
can only avoid this by using filters or nets. The present re- 
viewer cannot see that any logical circle is involved, provided 
that one verifies that all admissible sequences of subdivisions 
of the interval give the same answer in the limit; 
In his discussion of set functions, Medvedev draws attention 
to the fact that, although the notion of set function formally 
falls under modern definitions of function, mathematicians usu- 
ally introduce it as an independent concept. He suggests that 
this may have come about because people wanted to avoid confu- 
sion between different levels of abstraction when a point func- 
tion was being integrated with respect to a set function. There 
are some alternative possibilities, however; in the first place, 
there are obvious pedagogical advantages in keeping the notions 
separate; and, when set functions were first introduced, the 
general notion of function still had an aura of some kind of 
continuity hanging about it, and continuity for set functions 
is a difficult and somewhat nonintuitive concept. 
The third chapter is concerned with the various types of 
convergence that have been introduced for infinite sequences of 
functions and with the representation of functions as limits of 
sequences or sums of series of more elementary functions. The 
first question raised is that of the class of admissible ele- 
mentary functions; the author shows that in early times poly- 
nomials and, more generally, linear combinations of powers 
(including non-integral powers) of the independent variable were 
almost exclusively used; then came trigonometric functions; later 
still systems of polynomials orthogonal with respect to some 
weight function; and finally functions of some given general 
class. At each stage, as he points out, there are at least 
four problems to be tackled: (i) whether the elementary func- 
tions chosen are adequate to represent the functions we are 
interested in; (ii) how to find the expansion of a given func- 
tion in terms of the elementary functions; (iii) what we wish 
to mean by saying that a function is represented by a sequence 
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or series; (iv) whether the representation obtained enables one 
to establish any properties of the function represented. 
In the remainder of the charpter the author concentrates on 
problems (iii) and (iv). He discusses in some detail the history 
of the various types of uniform and quasi-uniform convergence, 
and their uses in establishing the continuity of the sum-func- 
tion and the term-by-term integrability of a series. He goes 
on to consider convergence at points other than those of a 
“small” exceptional set, e.g., a finite set, a reducible set, 
or a set of measure zero; we then find discussions of convergence 
in measure, convergence in mean square, and various types of 
strong and weak convergence, and he closes the chapter with 
Baire’s classification of functions. 
He draws attention to the fact that the general notion of 
uniform convergence in an interval was explicitly formulated 
by Cauchy in 1853 (C.R.Acad.Sci.Paris 36, 454-459); it was used 
by him to prove that the sum of a uniformly convergent series 
of continuous functions is continuous, thus correcting an er- 
roneous theorem given in his COWS d'analyse (1821). P. Dugac 
(Arch. Hist. Exact Sci. 10, 41-176 (1973); p. 47) has pointed 
out that Gudermann (J. Reine Angew. Math. 18, 220-258 (1838); 
pp. 251-252) had remarked on the uniformity of convergence of 
some particular series with respect to some parameters appearing 
in them, and that Weierstrass may have derived some notions 
about uniform convergence from him. 
The fluctuations through the ages of the relationship be- 
tween differentiation and integration form the main theme of 
the fourth chapter, in which the author confessedly relies 
mainly on secondary sources. He begins by remarking that in 
ancient times integration, represented by the method of exhaus- 
tion, played the major role; differential ideas appeared only 
in the work of Archimedes and his successors on statics. In 
discussing the developments of the 17th century, he claims that 
infinitesimals came into mathematics via their uses for the 
description of celestial motions and optical phenomena and for 
the analysis of functions given in tabular form, and that it 
was their introduction that brought integral and differential 
problems into close relationship with each other. 
He remarks that the codification of the calculus by Newton 
and Leibniz brought the derivative to the forefront, both dif- 
ferentiation and integration becoming operations on analytic 
expressions, the definite integral being usually regarded as 
being the difference between two values of a primitive function 
or antiderivative. Nevertheless, as he points out, many problems 
in astronomy, mechanics, and physics required the concept of 
definite integral for their solution; and it was soon discovered 
that many functions did not have a primitive expressible in 
finite terms by elementary functions. Problems of mathematical 
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physics led to nonanalytic and even discontinuous functions, 
and the coefficients of their expansions in trigonometric series 
appeared in a form involving definite integrals. The change in 
the relationship was made formally by Cauchy in 1823 (R&urn6 
dcs Leqons . . . SW le ~alcul Infinitkimal); after having de- 
fined continuity in the modern sense, he gave the definition of 
the definite integral of a continuous function as a limit of 
approximating sums, and based the whole of the integral calculus 
on this foundation. It seems that Cauchy’s own main motive for 
making the change was that he wished to prove the existence of 
a primitive function for a general continuous function; a minor 
reason, which Medvedev misses, 
1 
was that such an integral as 
1 dx/x, 
-1 
under the old definition, appeared to have an imagi- 
nary value although the integrand was real-valued; it was to 
deal effectively with such cases that Cauchy placed so much 
emphasis on his definition of principal-value integrals. 
Medvedev outlines the further development of integration 
theory during the 19th century in the hands of Riemann and others. 
He shows how the relationship between the derivative and the 
integral became gradually weaker, despite numerous attempts to 
restore the full strength of the fundamental theorem of the 
calculus. He mentions in particular the achievements of Lebesgue, 
Denjoy, and Perron in finding ways of calculating the primitive 
of an arbitrary derived function, and later developments in this 
area. 
Among the topics discussed in later sections are derivatives 
of set functions and the Radon-Nikodym theorem, the Burkill and 
Kolmogorov integrals, and Carath6odory’s algebraization of inte- 
gration theory. In the final section he takes a quick look at 
definitions of the derivative using the integral as the primary 
notion, such as Sobolev’s generalized derivatives; however, 
there is no mention of Laurent Schwartz’s theory of distribu- 
tions in this context. 
The fifth and final chapter is devoted to the topic of con- 
tinuous nondifferentiable functions. The author traces the 
change in the attitude of mathematicians from the initial belief 
that every function worthy of the name possesses a derivative 
to the discovery that, in a quite definite sense, only a small 
exceptional set of continuous functions is differentiable, even 
at a single point. He begins by analyzing Ampere’s attempt to 
prove that in general a function has a derivative except per- 
haps at some isolated points; he remarks that the functions 
considered by Ampere were just those admitted by Lagrange, pos- 
sessing an expansion in powers (possibly negative or fractional) 
of the independent variable. 
Later sections discuss examples of continuous nondifferentiable 
functions given by Bolzano (unpublished at the time), Riemann, 
218 Reviews HM6 
Hankel, Weierstrass, and others, the discovery of whole classes 
of such functions by Dini and Darboux, and Dini’s work on de- 
rivates; in the final section there in an account of the use of 
Baire’s theorem to show that the nondifferentiable functions 
form a set of the second category in the space of continuous 
functions, and of Wiener’s result that almost all Brownian 
motions have nondifferentiable trajectories. 
In spite of the length of this review, much of the wealth 
of information and ideas contained in this book has remained un- 
mentioned; the book is indispensable reading for anyone who is 
interested in the history of real-variable analysis. As the 
author says himself, he has not attempted to cover the whole 
field, but the topics that he has taken up are central ones and 
his analysis of them throws a great deal of light on the develop- 
ment of the subject as a whole. 
One technical criticism must be made. There is an extensive 
bibliography at the end of the book; unfortunately, in many 
cases the author makes no attempt to quote the edition of a 
book that is most relevant to the point he is making. For instance 
on page 49 he quotes some remarks of Lebesgue about Bolzano, 
and refers the reader to the 1928 edition of Lebesgue’s book 
on integration, in spite of the fact that they also appear in 
the 1904 edition. Again, a late Russian translation of de la 
Vallee Poussin’s Cours d'analyse is the only edition quoted; the 
same is true of Kuratowski’s Topologie. Many ideas for which 
the reader is referred to Bourbaki are actually a good deal 
older. It may be that some of the relevant publications were 
not available to the author; in such cases he could perhaps have 
taken a little more trouble to warn the reader. As it is, this 
kind of casualness about dates makes it harder than it need be 
to disentangle the order of events in an already complicated 
story. 
WAS PYTHAGORAS CHINESE? AN EXAMINATION OF RIGHT TRIANGLE THEORY 
IN ANCIENT CHINA. By Frank J. Swetz and T. I. Kao. Penn- 
sylvania (Pennsylvania State University Press). 1977. 75pp. 
$3.95. 
Reviewed by Lam Lay-Yong, 
University of Singapore, Singapore 10 
The Chiu-chang suan-shu (Nine chapters on the mathematical 
art), compiled during the approximate period 200 B.C. to 220 
A.D., exerted a tremendous and deep-rooted influence on ancient 
and medieval Chinese mathematics. Its pithy and at times rather 
obscure text had attracted a long line of Chinese commentators 
such as Keng Shou-ch’ang (75-49 B.C.), Liu Hui (263 A.D.), , 
